We study kindergarten allocations practices in two municipalities of Estonia. We describe their current allocation practices and provide recommendations for improvement. The recommendations are based on child-optimal stable matching, with priorities based on siblings and distance. We evaluate seven policy designs to understand efficiency and fairness trade-offs, based on 2015 admission data from one of the municipalities. Regrettably the data is limited due to being collected under then applicable decentralised allocation procedure. Based on the available data we estimate a ranking function and use that for a counter-factual policy comparison and sensitivity analysis. We find that different ways of considering the same priorities can have significant aggregate effect on the allocation. Additionally we survey a dozen special features that can create significant challenges (both theoretical and practical) in the redesign the allocation mechanism in Estonian kindergartens, and probably also elsewhere in Europe.
Introduction
Families have become a much-debated issue in all developed countries and they are focal points in debates of "new risks" and the much needed "new policies" for Western welfare state. The questions of who should care for children, how much and for how long, are at the centre of conflicts around values that shape not only policies and struggles around policies, but also individual and family choices (Saraceno, 2011) .
In Eastern-Europe the Soviet legacy has paved the way for publicly provided care to dominate, but in many countries, including our cases, there is a shortage of places for care in early childhood for children aged 18 months to three years. This shortage of places has forced municipalities, who are the main providers, to set priorities for the allocation of these places. One of the most commonly used priorities in Estonian municipalities is the date of application, and in some cases catchment areas are used to ensure proximity. However, as there are municipalities where the shortage of places is acute, even using these priorities does not guarantee a reasonable allocation in terms of equity or efficiency, as families will get places in kindergartens which they do not prefer, if they get them at all. There are several reasons for this, among them: 1) the lack of information on the preferences families;
2) improperly managed priorities; 3) the complicated nature of manually finding a "good" allocation.
We take the approach of a matching mechanism design to propose a "good" way to allocate children to kindergartens. This has been successful in many similar allocation situations such as school choice (Abdulkadiroglu and Sönmez, 2003; Abdulkadiroglu et al., 2005a) and job-assignments (Roth, 2008) . While mechanism design provides methods for allocation when given welfare criteria like maximising family preferences and stability of the match with some selection priorities, it does not say how these priorities should be applied. The general policy goals for allocation in school choice are siblings in the same school and proximity to a school, and in our kindergarten allocation case studies we see the same principles. Proximity is applied in some cases of school choice as a walk-zone (Shi, 2015) and in other cases as a continuous priority (West et al., 2004) , leading to the question of why one or the other method should rather be preferred. Our objective is to shed some light on the trade-offs of efficiency and fairness involved in selecting an design method for the policy goal, by simulating allocations under several alternatives. We view efficiency as the allocation of children to more preferred kindergartens, siblings in the same kindergarten and the minimisation of the travelling distance to kindergartens. Fairness we view as a probability of a child being assigned to the family's most preferred kindergarten.
In section 2 we review the practices of two Estonian municipalities. In section 3 we review common policy designs and propose seven policies for evaluation. In section 4 we review the initial results of the policies using data from one of the municipalities. However, current practices limit the data collection to three preferences, which would not be the case with new policies. From the current data we estimate the full preferences of families and in section 5 we evaluate the alternative policy designs in various counter-factual scenarios. This section is partially inspired by the methodology used in (Shi, 2015) , however we also evaluate policy implementations' sensitivity to counter-factual preference profiles. In the appendix we describe the preference estimation procedure.
We summarise in section 6. In section 7 we describe additional aspects of mechanism design that we identified from the two municipalities, but did not explore in the paper.
Descriptions of current practices
The chosen municipalities represent two typical cases in Estonia, where there has been a lot of new housing development and more families need to find ways to get a place in a kindergarten. The two municipalities have tackled the problem in slightly different ways. Children in Rae are mostly assigned based on a catchment areas, where most areas have one kindergarten, so parents do not have much choice. This has started to change as additional kindergartens have been built and efforts have been made to give more choice to parents over kindergartens. This choice has been at the heart of kindergarten allocation in Harku municipality, where parents have been asked for their preferences for many years. The similarity in both of these municipalities is that the actual allocation has been up to the heads of the kindergartens, who aim to find an optimal allocation through negotiation. Although both municipalities have policies for how children should be allocated, it is up to the heads how these policies are actually implemented, and they try to make a good judgement with some additional information from parents.
Harku municipality
Harku has seven kindergartens. In addition there is a childcare that also belongs to the municipality, but charges an additional fee and may not follow the educational curriculum that is compulsory in kindergartens. The demand is for about 200-250 places a year. About 200 kindergarten places are vacated each year and there are about 40 additional places in the childcare, so there is not a significant shortage of places, given that all the available places are acceptable to families.
In the application procedure families can submit up-to three ordered preferences. The application date and the home address are also collected. The application date is important in the allocation as families with an earlier application date have higher priority in kindergartens, so families usually make the application as early as possible, usually a few weeks after child-birth. The application data are typically unchanged until the actual allocation happens. The address can be important, as some heads of kindergartens consider it when assigning places. A qualifying condition is that parents have to be registered as living in Harku, as this determines where local taxes are collected.
The number of vacant places is settled by January and the allocation can start. Offers of a place are made to families by the heads of kindergartens if their kindergarten is the first choice of the family. If there are more families than places then priority is given to applications with earlier dates, although proximity or siblings might occasionally also be a factor. If a place is accepted, the child is assigned to the kindergarten, otherwise the place is offered to the subsequent family on the waiting list.
The head of the kindergarten communicates with other kindergartens to find a place for children who are still unassigned. The communication is usually with the kindergarten listed as second or third choice, though these might already be full. If so, the result may be that families with an earlier application date are rejected from their second choice because the children who were assigned had listed that kindergarten as their first preference, no matter their application date. This is a well-known property of the Immediate-Acceptance mechanism (e.g. Abdulkadiroglu and Sönmez, 2003) and the procedure used in Harku is very similar to this.
There is often another round of allocations in September. There are usually 2-4 places kept spare to cater to children with special needs, who are considered to take the place of multiple children. This information is not known during the initial allocation, but is observed in the first weeks by the teachers. If there still are no children with special needs, then these extra places are also allocated.
Rae municipality
Parents in Rae can only apply to kindergartens in their catchment area. Currently there are nine kindergartens in four catchment areas. The demand for kindergarten places is for about 300 places each year. There are several new kindergartens and there is no aggregate shortage of places, although the free places are not evenly distributed. Places are mostly available in one area, but there is a shortage in a second area. The experience of the officials is that families in the second area are not interested in placing their children in a kindergarten in the first area.
In the application procedure, families by default submit an application to all the kindergartens in their catchment area. The application data are public. Like in Harku the application date is important in the allocation.
Allocation begins on April 1 and is centralised. In each catchment area children are allocated in order of their application date, with some rare exceptions being made for municipality officials, civil servants, large families and similar cases. Families with an earlier date are sent an offer for a place and they have two weeks to reply. If they accept the offer, the child is assigned to the kindergarten. If they reject, the place is offered to the subsequent family on the waiting list. Where there are multiple kindergartens in the same catchment area proximity can be an additional priority, but this is not considered consistently. This procedure is similar to the serial dictatorship mechanism ordered by application date.
Matching mechanism design
In mechanism design the here relevant allocation is usually modelled as a two-sided matching market, in this case between: 1) families and 2) kindergartens. Both have some ordering over the other side. Families have a preference ordering over kindergartens and they seek to get allocated to their most preferred kindergarten. Kindergartens can be seen as having a priority ordering over children. Priorities become important if there are fewer places available in a particular kindergarten than there are families who would like to have their children attend that kindergarten. In such a case kindergartens then accept children who are higher on the priority list, which in practice might mean children who live closer or who have a sibling in the kindergarten. Kindergartens do not seek to have higher priority children, which is different from some applications of two-sided markets. In college admissions for example (Gale and Shapley, 1962) , both students and colleges seek to get more preferred matches, so they might be strategic about it.
There are two prominent "good" mechanisms for solving matching problems, and these are the Deferred-Acceptance (DA) and the Top-Trading Cycles (TTC) mechanisms. The DA mechanism guarantees that no preferences and priorities, or policies, are violated, and there is no child who could get a place in a more preferred kindergarten by priority, so there are no blocking pairs. A matching with no blocking pairs is stable. A blocking pair can also be seen as having justified envy if there is a family that would prefer a kindergarten that either has free places or has accepted a child with a lower priority.
The TTC is another mechanism where the families have an incentive to reveal their true preferences. The difference is that it allows priority violations, and although more children may be allocated to a more preferred kindergarten, some children might end up with a worse match (Abdulkadiroglu and Sönmez, 2003) . Because of this we do not consider TTC viable in this situation and most real-world applications are based on DA (Pathak and Sönmez, 2013) .
While there are potentially many stable allocations (Knuth, 1997), the child-proposing DA mechanism that is usually executed results in the best possible preference for the families. The child-proposing DA algorithm works as follows:
1. All children are tentatively assigned to their first preference. If kindergartens have more children assigned than places, they reject children with lower priority.
2. All rejected children are tentatively assigned to their second preference. Again if kindergartens have more children assigned than places, they reject children with lower priority. Note that the kindergarten may reject children tentatively assigned in the previous round, if they have a lower priority.
...
k. In general rejected children are tentatively assigned to their next preference. If a kindergarten has more children assigned than places then children with lower priority are rejected. The process continues until all children are assigned a place, or all preferences have been explored.
To be safe for families to reveal their true preferences with Deferred-Acceptance algorithms, the number of preferences revealed cannot be limited. Currently the parents can list at most three kindergartens. This makes the parents to select their three choices strategically, if they would find more places acceptable. The theoretical properties and disadvantages of such restrictions were studied in Haeringer and Klijn (2009). These findings were backed by laboratory experiments (Calsamiglia et al., 2010) and also with evidences from practical application across the world (Pathak and Sönmez, 2013) , where the tendency is to increase these bounds or abolish them. Therefore we do not recommend limiting the number of applications. Gale and Shapley (1962) showed that the child-proposing DA guarantees the best possible preference for all children, while not violating priorities. The result is child-optimal stable matching. Additionally families have an incentive always to state their true preferences, which might not be the case for kindergartens, if they were strategic agents that were seeking higher priority children (e.g. Roth, 1982) .
Main issues and mechanism design improvements
From these results we can highlight improvements to the current allocation procedure in Harku and Rae. These recommendations usually form the backbone of any matching practice.
Data collection. The biggest problem in Harku starts with data collection. As the parents can get a higher priority if they apply sooner, they tend to apply soon after the birth of the child. During the following three years the family's preferences might change, but that is not usually reflected in the application data. So after the allocation is made, kindergartens are faced with a significant number of cancellations from families and need to reconsider some children. This creates justified envy in the allocation and confusion during the procedure. If a child was initially rejected from a kindergarten due to shortage of places and was allocated somewhere else, they should now be reconsidered. Often this might not happen and the offer is made to the subsequent unallocated child, creating justified envy for the first family, whose child received a place in a kindergarten that was lower on their preference list. Second, if a previously rejected child is offered a place and they accept, another empty place is created in the system and this leads to another child needing to be reconsidered.
The solution for this is fortunately straightforward. Data should be collected close to the actual allocation date. This would mean that the application date cannot be a priority criteria any more, but this is not problematic since in many cases it was the birth date anyway. An alternative approach would be to use siblings and distance as objective criteria for prioritising children as is popular in many places around the world (e.g. Abdulkadiroglu et al., 2006) .
Setting the priorities. In many cases the priorities followed by the kindergartens were not clear. Children with siblings were usually considered with a higher priority, but not always. The regulation requires siblings to be considered, but only after the application date. Since most children have a distinct application date, this would not give a significant advantage to children with siblings. On some other occasions distance was considered an important criterion, but not in every case.
The solution is to create clearly defined priority metrics and have a centralised allocation system that makes sure that the criteria are always followed.
Matching mechanism. The current mechanism followed in Harku could create justified envy. Using the Immediate-Acceptance mechanism creates blocking pairs where some children may prefer to attend a kindergarten other than their current assignment and may also have a higher priority in that kindergarten, if they live closer than some children who were accepted. In this case the family can be considered to be unfairly treated and these situations should be avoided
The solution is to use a stable allocation mechanism. In the literature these are the Deferred-Acceptance mechanisms Abdulkadiroglu and Sönmez (2003) . In this paper we limit our attention to the child-proposing (student-proposing in school choice) DeferredAcceptance mechanism, because this is the only mechanism that finds a stable allocation that is the best possible for the children and is strategy-proof for the families.
Limited preferences. In Harku the number of preferences is limited to three. This can create some problems for parents trying to decide which kindergartens to list. If there are three popular kindergartens that a family also considers to be their most preferred, it might not be in their best interest to list those three. As they are the most popular, the family has a low probability of receiving a place in them and might thus remain unassigned. This means they should be strategic when revealing their preferences.
In Rae some parents might like to in attend kindergartens in other catchment areas. There is currently no predefined procedure for this, but it is managed on a case-by-case basis. If parents from several catchment areas had preferences elsewhere, then there is a risk of justified envy in the allocation. It might also be an issue because not all families would be aware that it is possible to attend a kindergarten outside their catchment area.
The solution would be to allow families to list all the kindergartens they are willing to attend. Together with the child-proposing Deferred-Acceptance mechanism, this would eliminate the need for families to be strategic about preferences.
Policy design
For the matching mechanism we chose to use the child-proposing Deferred-Acceptance algorithm, for its incentive compatibility and proposing-side utility-maximising property without priority violations. In the literature on distributive justice, discussion of fair equality of opportunity (fair access in our case) is often accompanied by discussion on the principles of positive discrimination, like the rawlsian difference principle Rawls (1971) . In our paper we define fair access as the chance for the family to access their preferred kindergarten. Moreover, we include in our design some positive discrimination, or controlled choice, through policies such as prioritising siblings. However, we do not have any metrics that measure the utility in a similar way to the difference principle, which aims to maximise the utility of the worst-off. In addition, fair access is essentially different to the efficiency metrics for the priorities of local municipalities and the preferences of families, which indicate average or mean outcomes, i.e. mean preference utilisation. We measure fair access as the proportion of families placed in their most preferred kindergarten with at least 10 % of lotteries. The chosen percentage of lotteries is somewhat arbitrary, a greater percentage would be a stronger condition of fairness. Since not all policy designs use lotteries, some will be inherently unfair.
The weaker side in two sided markets is generally the proposing side, in our case the families or children and their preference utilisation, or utility maximisation, is the design goal. In addition, the mechanism allows some policy goals, we consider:
• having siblings in the same kindergarten
• placing children in a kindergarten near their home Additional goals could be prioritisation of disadvantaged families or children with special needs, but data limitations cause these not to be our focus.
A short list of policy goals does not indicate that policy designs are limited to two alternatives, as the design of policy for siblings and proximity can vary. Children with siblings might always have a priority over others, or might only be prioritised over families living further away. Proximity could be considered in multiple different ways, such as a walk-zone or catchment area or geographical distance.
A simple way to consider geographic aspects is to define catchment areas for each kindergarten, and prioritise the children living in the catchment area where the kindergarten is located. The drawback of this method is that these priorities may not reflect the personalised distances, as a kindergarten might be relatively far from an address in the same area, whilst another kindergarten in a different area can actually be nearby. Therefore it may be more appropriate to use personalised distances. We can use continuous (real) distance or somehow discretise, such as giving priority to a kindergarten within 10 minute walking distance, or giving priority to the closest, or several closest, kindergartens. Another option is to give high priority to some number of nearby kindergartens, as is being evaluated in Boston (Shi, 2015) .
When we consider children in walk-zones to be a higher priority and then children with siblings we obtain the following priority groups: 1. siblings in walk-zones, 2. children in walk-zones, 3. siblings, 4. all the rest. We might also consider siblings to be a higher priority, which would give us the priority groups: 1. siblings in walk-zones, 2. siblings, 3. children in walk-zones, 4. all the rest. This simple classification is used in many US cities, such as New York (Abdulkadiroglu et al., 2005a) and Boston (Abdulkadiroglu et al., 2005b) , together with a randomised lottery for breaking ties. The lottery can be also conducted in two ways, either as a single lottery which is used in all kindergartens, or as multiple lotteries, with one at each kindergarten. The typical choice, used in most US school choice programmes and also in Irish higher education admissions (Chen, 2012) , is the single lottery. We will also use this in our simulations. This question is discussed further in Ashlagi and Nikzad (2015) and Pathak and Sethuraman (2011) .
If it is considered undesirable that a high proportion of children get admitted by sibling priority, then one option is to set a quota for siblings, of 50% of the places for example. In this case there is high priority for siblings for only some proportion of the places available, and the remaining places are prioritised by distance only. In such a setting it is crucial how the allocation is implemented. It can be done by allocating the places for siblings first and then the remaining seats or in reverse. In Dur et al. (2013) it is shown that the reverse approach can benefit children with siblings, and in Hafalir et al. (2013) it is shown that reserving places for some minority results in a better allocation for the minority than limiting the quota for the majority does. Under the latter policy both groups, minority and majority, could be worse off. We evaluate the design of policy by reservation of places for siblings or for families living nearby.
The Deferred-Acceptance algorithm is slightly modified to accommodate reserves and quotas. The priority quotas are considered as separate kindergartens. The child is first placed in a quota group higher in the precedence order and if rejected then in one lower and so on. So each child will be placed in the highest precedence quota group. 
Data and initial policy design comparison
We use preference data from Harku kindergarten matching in spring 2015. We have preference data with geographic location for 143 children. The preferences for kindergartens were mostly collected 2-3 years ago when the children were born, as that is the time when parent made their applications to kindergartens. Parents could submit up-to three preferences, and the actual number of preferences submitted is aggregated in Table 2 . Most families submit three preferences. We also have the spring 2015 allocation data from Harku. The allocation was based on the procedure described in section 2.1. In total 123 children from our sample were allocated.
In reality slightly more children were allocated, but some were excluded from our sample because no location data was available for them, because the address was missing or the address lookup failed, or preference data were missing as we had an earlier snapshot of preference data and data are not available for some late applicants. The number of children allocated to each kindergarten in Harku is shown in Table 3 . Taking the same number of places available in each kindergarten we look at counter-factual allocations based on the policies in section 3.2 in Table 4 . For policies that use lotteries, we ran ten random realisations. The lotteries are also different across policies.
Policy DA0 uses the child-proposing Deferred-Acceptance with the original priorities based on application date and siblings. We see that this policy has a hard time satisfying the locality goal, as on average families live about 4 km, which is quite far, from kindergartens.
Even with the actual Harku matching we see that with the application date priority children are placed on average 4.12 km from kindergartens, which is more than with other policies. Also we see that some children were assigned in kindergartens not in their preference lists, if we exclude them the average distance would become 3.75, so these children are further away than average.
Blocking pairs arise when a family has a higher priority in a kindergarten than the child assigned with the lowest priority and the same family prefers that kindergarten to their current assignment. If the child is assigned in a kindergarten not in their revealed three preferences we consider them assigned to their fourth or unassigned, the result in the number of blocking pairs will be the same. We see that Harku matching has 32 families with blocking pairs, indicating it is hard to guarantee manually that the matching would be stable. With Immediate-Acceptance (IA) matching we see that the number of blocking pairs could be lower. An explanation for this can be that there are cases where the preferences might have changed and the heads of kindergartens have used updated information when making decisions, but this is not reflected in the central data store. An indication that the preferences might have changed is that nine children were assigned in kindergartens not initially listed.
Looking at the siblings data in Table 5 we see that 23 32
≈ 72% families listed the kindergarten where a sibling is as their first choice. This also explains why with Immediate- a In parenthesis we also count as unallocated children in kindergartens not in their revealed preferences. They are also excluded when computing mean preference, because their allocated preference is unknown Acceptance some 22 % of siblings are not in the same kindergarten as their sibling, since that kindergarten was not high in the submitted preferences, because at the time of the application it was not yet known which kindergarten the siblings would attend.
Not surprisingly we obtain the lowest average distance with policy DA1, where prioritisation is by siblings and distance. This policy does not lose in preferences on aggregate when compared to the actual Harku matching, as in both cases the mean preference in the matching is 1.25.
Policy sensitivity to preferences
There are multiple points that we are interested in when comparing policies. First we want to evaluate how the policies would work if we collected full preferences from the families, and second we want to evaluate the robustness of the policies to changes in families' preference profiles (see more on preference generation and estimation in the appendix). The main dimensions of the evaluation are the preference rank achieved in an allocation and the effect on societal welfare measures of the average distance from kindergartens and the share of siblings in the same kindergarten.
We compare policies with different generated parametrised preferences profiles. We characterise preference profiles by conditional probabilities (more in appendix) of families:
• ranking a closer kindergarten higher (Pr( Total 32
• ranking a kindergarten with a sibling higher (Pr(
Where r i is rank of kindergarten i, d i is distance to kindergarten i and s i is sibling status in kindergarten i.
For statistical comparison of each of the parameter values we generate ten preference profiles. For each policy that has a lottery we additionally run ten different randomised lotteries for each. In Figures 1, 2, 3 and 4 we show the average results of the ten allocations over policies with a 95% confidence bound for the estimate.
In Figures 1a and 1b we show average preference got and the proportion of families getting their first preference for all policies. Policy DA7 is the most sensitive to changes in families' preferences. When preferences are strictly based on distance with conditional probability of ≈ 1 then it produces the highest average rank score, one which is similar to other policies as DA1, DA5 and DA6. Surprisingly, when families preferences are close to random, with conditional probability of ≈ 0.5, then DA7 is the policy that has by far the lowest average rank and the lowest number of families with a first preference. At face value DA7 seems the most egalitarian as every family has the highest priority in at least one of the kindergartens. However it seems to be that families that do not prefer to be in the closest kindergarten, tend to be rejected from preferred kindergartens further away and where they have a lower priority. Since the preferences and priorities are not aligned, the probability of the family being rejected in some round is higher. With other policies the probability of being rejected in some round seems to be smaller. Conditional probability of distance in preferences (Pr(r1 < r2|d1 < d2)
Average preference
Conditional probability of distance in preferences (Pr(r1 < r2|d1 < d2) Chidren in first preference In terms of average preference policies DA2 and DA3 are indistinguishable from each other, which most likely because there are very few siblings in this dataset. It is also clear when discretised distance is used, as in policies DA2, DA3 and DA4, families do worse on average than when continuous distance is used, as in DA1, DA5 and DA6. The policies DA1 and DA6 always produce exactly the same matching, DA5 is on some occasions, for about 2-6 children, slightly different, but they still have similar aggregate results.
Using reserves for siblings or for children without a sibling we see that it does not make a difference as DA1, DA5 and DA6 are perfectly aligned. Similarly, this is most likely because the selected reserve of 20 % is close to the percent of siblings in the dataset.
Interestingly most policies, with the exception of DA7, are quite robust toward changes in preferences. There is almost always roughly the same proportion of families receiving their first preference, about 50% to 60% with DA2, DA3 and DA4 and 60% to 70% with DA1, DA5 and DA6. In the average preference we see a slight increase when preferences become determined more by distance. Conditional probability of distance in preferences (Pr(r1 < r2|d1 < d2) Average distance from kindergarten (km)
Conditional probability of siblings in preferences (Pr(r1 < r2|s1 > s2) Average distance from kindergarten (km)
Figure 2: Average distance and conditional probability of distance in preferences
In Figures 2a and 2b we show the average distance between families and kindergartens. The average distance is smaller with all policies when families' preferences are determined more by distance. Interestingly the smallest average distance is always with DA7, as it minimises distance even at the cost of having worse average preference for families. The average distance is largest with DA2 and DA3, when policies are based on walk-zones, indicating the randomness in priorities.
We get a small improvement in average distance by not using discretisation by walk-zone, but by having a higher priority for a fixed number of kindergartens as in DA4. With random preferences this is a trade-off between achieved preference and distance in DA7 and DA2 and DA3 and on average DA4 is right in the middle of these policies. When preferences are determined more by distance, then DA7 is always better by both, average preference and distance. The policy DA1 has slightly greater average distance with random preferences, but better average achieved preference than DA7, so we can say DA1 has more consideration for families' preferences.
In Figure 2b we show the average distance taking the conditional probability of siblings. Like in Figure 2a we have a decline for all policies in average distance when families have a higher preference for a kindergarten with siblings. This is most probably because the kindergarten for the sibling was already selected by distance, so distance and siblings are correlated. This is not always the case though, as there is an increase in average distance when families always prefer kindergartens with siblings, because not all families have a sibling in a nearby kindergarten.
Conditional probability of distance in preferences (Pr(r1 < r2|d1 < d2) Same kindergarten as sibling
Conditional probability of siblings in preferences (Pr(r1 < r2|s1 > s2) Same kindergarten as sibling
Figure 3: Probability of being in the same kindergarten with siblings
In Figures 3a and 3b we show the probability of children being in the same kindergarten as their siblings. When families' preferences are random, most policies place about 20% to 30% of siblings in a kindergarten with their siblings, with the exception of DA7, where the percentage is closer to 45%. This higher percentage is most likely due to siblings already being in a nearby kindergarten and, as we have seen, with DA7 families get lower preferences and children are usually placed into nearby kindergartens.
Only DA3 provides the notable exception of having fewer children in kindergartens with siblings, which is because it gives higher priority to walk-zone families than siblings. Were families to have a 100% preference rate for having their children in the same kindergarten, most policies achieve this, and only DA3 has a lower percentage, around 80%. Despite the difference in the precedence order between polices DA5 and DA6, about the same proportion of siblings are places in the same kindergarten in both cases, though this might be a consequence of there being a low number of siblings in the dataset.
Conditional probability of distance in preferences (Pr(r1 < r2|d1 < d2) Fairness of access (first pref at least once)
Conditional probability of siblings in preferences (Pr(r1 < r2|s1 > s2) Fairness of access (first pref at least once)
Figure 4: Fairness of access (probability of having first preference with at least one lottery)
In Figures 4a and 4b we measure the probability of a child being matched to the family's first preference in at least one lottery. This is a kind of a measure of fairness of access to kindergartens, similar to the measure of access in Shi (2015) . We have plotted policies DA1, DA5 and DA6 the fairness of access even though it does not have any sensible interpretation, since there are no lotteries. These policies are still useful for comparison however.
With the lotteries in DA2, DA3 and DA4, about 80% to 95% of families are placed at least once in a kindergarten that is their first preference. There is a slight fluctuation in some of the polices, but whenever there is a change in the preferences they still stay within these bounds. The policy DA7 seems to be the most unfair, when preferences are random or close to it, as only in 50% of cases are families placed in their most preferred kindergarten.
Conclusion and discussion
We have reviewed the kindergarten matching practices in two municipalities in Estonia. While the procedures for allocation were different, the unifying theme was the poor handling of family preferences. In one case the data collected are out-of-date by the time of the allocation and the resulting allocation might not be free of justified envy. Furthermore if the listing of preferences is limited families have to think strategically about how to reveal their preferences.
In the other case the choice is limited to catchment areas. If families have preferences outside the area exchanges might be possible. However, this requires additional effort, so these exchanges between catchment areas rarely materialise. Additionally families can only apply for a kindergarten in their area, but where there are of multiple kindergartens they cannot express their preferences in the application. As a result it is unclear whether the place allocated place is the most preferred for the family or not.
Practices that are well known from matching mechanism design present solutions to some of the problems while also providing a policy tool for the local municipalities. The practices consist of:
• getting full rather than limited preferences from families
• using child-proposing stable matching for allocating places
• defining clear policies for the local municipality to solve the issue of demand in a kindergarten
We realise that while the policy goals might be clear, the choice of exactly which way to implemented can have vastly different results. In most cases the goals of the local municipalities are to have siblings in the same kindergarten and to provide a place in a kindergarten close to home. Of course the main consideration is still to provide a place in a preferred kindergarten. We evaluated seven different policies for implementing the policy goals, using estimated preferences based on data from applications in one of the municipalities.
The simplest policy is to give higher priority to children with siblings and to families living nearby, which is policy DA1. This also demonstrated to be one of the most effective. The resulting allocation had, on average, matched a lot of families with their most preferred kindergarten, while also having one of the smallest average distances. This remained true when the preferences of families were agnostic about distance.
Policy DA1 might occasionally seem unfair, as small differences in distance might affect whether families are placed in their first preference or some lower one. Policies DA2, DA3 and DA4 group kindergartens by distance within equal priority classes, DA2 and DA3 by defining a walk-zone and DA4 by having high priority in the three-closest kindergartens. Families in the walk-zone are treated equally and priorities are defined by lottery. We saw that while this might create a more egalitarian access to kindergartens, it is not without its cost. The average number of children who reach their most preferred kindergarten is usually significantly lower and the average distance is greater. But if having more egalitarian access is important, policy DA4 would do the best of the three. The level of fair access is the same, satisfaction of average preferences is the best, and distance is the lowest.
Another source of seemingly unfair treatment might be perceived from always having higher priority for siblings. If a family already has a child in a kindergarten they are almost guaranteed to get a place in the same kindergarten for a sibling, even when there is another family living even closer. We considered two policies, DA5 and DA6, which limit the number of places in a kindergarten that consider having a sibling to be a priority at up to 20%. Even though the number of places for siblings was low, most families still received a place in that kindergarten if they preferred to. There is almost no difference from policy DA1 on any measure, nor between DA5 and DA6, although theoretically DA6 should provide more opportunity to nearby families, and DA5 to children with siblings.
Clearly an oddity is policy DA7, which was initially designed to deliver more equal access to kindergartens for families who live far from all kindergartens. While policy DA1 would give such families low priority everywhere, DA7 would still give them the highest priority in their closest kindergarten. When most families have a high preference for nearby kindergartens and those where siblings are, the result of DA7 is on par with the best policy designs, as it gives many families their first preference, has the shortest average distance, and has even one of the best results for equality of access. However, the result is radically different when family preferences are mostly idiosyncratic and are almost independent from distance and siblings. In this case DA7 is the worst policy of all for families. Only half the number of children get matched to their first preference, but the average distance is the lowest of all policies and still significantly lower than the second best policy, DA1.
The learning from policy DA7 seems to be that the policy designer looking to have efficiency and fair access to kindergartens needs to be able to predict fairly accurately the preferences of the society. When preferences and priorities are aligned, both of the goals can be met. On the downside, this design is vulnerable to misalignment, as then the price paid in terms of efficiency and fairness is significant. If a local municipality wants to enforce a policy, say by minimising the distances between homes and kindergartens, then this is an option.
Moreover we are left with several unsolved issues that cannot be solved by clever design. For example it is best to coordinate the allocation between neighbouring municipalities, but cooperation is sometimes hard to achieve. Similarly it would be best to know beforehand about children with special needs, but this is often infeasible.
A few interesting aspects of designing a more flexible mechanism might improve the allocation for families. Making decisions on the size and the age composition of the groups in kindergartens, determining this in an optimal way from the application data, could give an additional boost to the number of families receiving a place in their most preferred kindergarten. Some of this research has been done in terms of lower quotas for opening groups (Biró et al., 2010) .
A potential way to manage the shortage of kindergarten places is to provide monetary incentives for parents to stay at home with their children or to seek a place in private childcare. The question of how to set this monetary compensation in an optimal way is an interesting research question. Optimal here could mean minimising the cost of providing childcare services in the municipality.
Further issues
We identify a dozen further special features that should be considered in the redesign of the mechanism. However, many of these features may pose significant challenges and need additional research. We try to address these issues, and give recommendations for possible adjustments of the basic mechanism.
Children with special needs. In larger cities there are schools for children with special needs, but in smaller municipalities these pupils are mixed in with others. The standard practice is that kindergartens reserve places for children with special needs who require more attention and so are considered to take up the space of three children. Usually it is not known beforehand if there will be any such cases and the special needs may only become evident later. In most cases though, the extra places remain free and can be allocated later to other children. Obviously this has some effect on the fairness of the allocation.
A possible solution would be to have this data available before the allocation is made and to take it into account in the allocation process. However, evaluating in advance all of the children applying could be very costly compared to the extra efforts needed for the reallocation process and the potential issues arising from the extended solution. It would be helpful if the parents of children that are likely to need special treatment were to register for evaluation, but then it should be guaranteed that their chances of admission to their preferred kindergartens would not be worsened, perhaps by giving priority for some number of places in each kindergarten to such children.
Allocation in multiple rounds. Harku currently allocates students in multiple rounds, since two extra places can be taken in each kindergarten where no student with special needs is admitted. The proportion of disadvantaged families is about 10 % (Ministry of Social Affairs, 2015) and children with special needs make up about 3 % (Paat et al., 2011) . This question is similar to the question of the design of two-stage allocation mechanisms (Dur and Kesten, 2014) and also to the design of appeal processes (Dur and Kesten, 2015) . The first option is to allocate the extra places among the unmatched children only. This is a simple method with no reallocation of children, but it can be seen as unfair for families who are allocated seats in the main round and would prefer an extra place in a kindergarten where they have higher priority than the unallocated children who get those extra places in the second round. Besides the justified envy in the final solution, the parents might also act strategically in the main round, perhaps by not accepting an offer from the kindergarten listed second, especially if they have information that they are first in the waiting list and the creation of extra places is very likely. Therefore is seems reasonable to let everyone apply for the extra places, as is currently done in Harku. However, if the process is not centralised then those who were assigned a place in the first round but now get a better match would then create new available places. Even if this decentralised process could be continued until a stable solution was reached, then this proposal-rejection chain would result in a stable matching that is the worst possible stable matching for the reallocated children, as proved in Blum et al. (1997) . Therefore this process would not be strategy-proof for the parents either, and so the only possible solution that is strategy-proof for the parents and avoids justified envy is a centralised second round, where parents can re-apply to all kindergartens with the option of keeping their assignment if they wish to do so (technically this is achieved by putting the children already assigned to the kindergarten at the top of its ranking). Yet, this solution may affect a significant number of children, and in theory possibly all of them, which could result is high reallocation costs. This reallocation cost would be accepted by the parents, since they would always have the option of not changing their assignment, but could be seen as undesired by the local council and the kindergartens.
Children with existing places . The parents of some children may request a transfer for their children. This is especially relevant for those attending a class for 2-3-year olds who then want to go to a different kindergarten for 3-6-year olds since the classes for children aged 2-3 may not be available in their favourite places. It is therefore a question of whether the reallocation of these children should be conducted as part of the yearly matching round. If so, then these children should be guaranteed to get at least as good a seat in the reallocation, meaning they should have the highest priority in their current kindergarten. This question has been studied in the context of Danish daycare allocation Kennes et al. (2014) , and also for the reallocation of French teachers Combe et al. (2015) .
Overlapping admission processes. Some parents may be registered in more than one municipality, so they are able to apply for a place for their child in two systems, for example in Harku and in Tallinn. This can lead to inefficiencies due to cancellations. Similar problems arise in some US cities where state schools and charter schools hold their admissions separately. Furthermore, the same phenomenon has also appeared in European college admission programmes, where an increasing number of students are applying for programmes in several countries, and this disturbs the national matching schemes.
Outside options with subsidies. Somewhat related to this issue is that private kindergartens operate in Estonia, and some parents also consider the option of home schooling. However, if a municipality cannot provide enough kindergarten places for its resident population, in some cases it may subsidise parents who choose an alternative option. In Rae, the local council pays support to parents who do not receive a place in any kindergarten in their catchment area, but they may withdraw the support if the parents do not accept a place that is offered at a local kindergarten. This conditional support can lead to strategic considerations, since some parents may find an alternative home or private option preferable to a local school if and only if they receive the financial support, but this cannot be stated in the application. This special case can be modelled with the matching with contracts framework. A similar special feature is found in the Hungarian higher education matching scheme, where students can study on the same course under two different contracts, either for free or with a tuition fee. Furthermore, US cadets Sönmez and Switzer (2013) also face such a situation when they decide whether or not they are willing to take some extra years of service in order to increase their chances of admission. The recommended solution is to let the parents list the option of not having a place in the kindergarten but getting the support instead, when they give their applications to kindergartens, meaning that all the listed options are considered preferable to the outside option with no financial support. In such a case, it is then crucial that the parents-optimal stable solution is implemented so as to make the parents reveal their true preferences for these outside options.
Lower quotas, opening of new groups. Sometimes the kindergartens are able to cancel groups or open new ones to fit with the applications. In particular, there are regulations over the minimum number of children they need to start a new group. This feature is similar to the lower quotas used in the Hungarian higher education matching scheme Biró et al. (2010) , where programmes can be cancelled if there is a lack of students. This is a natural requirement that makes the education service economical, but the theoretical model for college admissions with lower quotas is not always solvable, meaning a fair solution does not always exist and the problem of finding a fair solution is NP-hard. The problem becomes even more complicated if new groups can be created, since both the closures and the openings in a kindergarten affect the number of students admitted elsewhere. However, clever heuristics and robust optimisation techniques, such as integer programming Biró et al. (2014) can be used to tackle these generalised problems.
Same age groups and mixed groups. In Estonia there are both same age groups and mixed groups. Having only same age groups can vary the number of groups opened in a kindergarten, as a kindergarten with five groups could open only one group in every three years, which would be unsatisfactory for the local children in that year. When mixed groups are created, the number of children admitted can be relatively stable if they can always fill the available places. However, if there are some free places left in a year, then the age distribution of the children can be distorted.
Sharing places. In some kindergartens it is possible that some children attend part of the week only and the rest of the time is used by some other children. This possibility again makes the underlying problem challenging to solve. Specifically, when we have a large number of half-time students then we might face the same problem as allocating doctors and couples to hospitals, which is an NP-hard problem McDermid and Manlove (2010) .
Historic dependence of preferences. In Harku, the applications of registered parents are listed in a public website. In Tallinn the number of applications already submitted to the kindergartens is also published. If the registration date is the primary criterion for priority and the parents can see the applications, or the number of applications, made before their turn, then this can affect their true and submitted preferences. It may be that if there are more applications than places then they will find it risky to apply. This can depend on the birth date of the child, because if a child was born soon after 1 October, then the parents could have a good chance for a place everywhere, and so be more truthful. We did not find much evidence of significant changes in the preferences over time in the Harku data, but in a similar study for Tallinn, or other places where the registration date is important, attention should be paid to the potentially biased preferences caused by the published information on past applications.
Smooth transition to a new system. When designing the new mechanism, it should maybe be considered whether there will be a smooth transition between the two systems. This can be especially challenging if the current priorities are based on registration date, since those parents who registered early may see it as unfair for this priority that they earned in the past to be suddenly neglected. Therefore perhaps the transition to a new system should be longer, keeping the priority of those who have already registered in the old regime. Or, at least, the registration date could be used as a tie-breaker in some new policies.
The role of the heads of the kindergartens. The heads of the kindergartens are now actively involved in the allocation system, and the discussions between them and the personal communication with the parents are crucial in the current system. In the centrally coordinated system they may fear losing their chance to influence the allocations, and the same could apply for employees of the local municipality. It should be considered whether they could still have some power to adjust the priorities, or to make other decisions about their kindergartens, such as whether to open a new group.
How fair is it to use proximity as a priority. Whether the use of proximity is fair may depend on the ease/cost of registering: a) whether it is almost costless (as in Hungary); b) whether there are some significant costs such as renting or having a flat locally; or c) whether the family really has to live there, as for example in Barcelona, where somebody who is proven not to live at the stated address can lose their place. When it is easy to register at an address then the parents may play a strategic game in which the first stage is to choose an address. When ownership and actual residency are required, and the priorities are important for the parents, this can affect the housing choices of the families, and influence house prices and also the socio-economic distribution of the population.
Restricting the choice of the parents. A simple way is to allow families to apply to nearby kindergartens only (such as those within the catchment area, as is currently done in Rae. A more sophisticated way is to provide personalised menus of choices, such as the system being proposed in the Boston school choice mechanism Shi (2015) . This would potentially provide parents with a choice from schools close to them and also where they have siblings already attending, with a limited number of further options. The advantage of this method over restricting the number of applications is that the mechanism remains strategyproof, and the parents have a simpler task in ranking the available options. However, the disadvantage is that it is hard to estimate the preferences of the parents, and therefore there is a risk that some highly preferred kindergartens could be missed from some menus. In general, this type of restrictive policy can improve the overall quality of the allocation from the point of view of the municipality, perhaps by reducing the total travel distance, which was the main motivation in the Boston school choice redesign, as the bus costs had to be limited, but it can badly affect the overall welfare of the children. We do not recommend that this policy be used in Harku and Rae, due to their small size, but we would suggest it could be considered in larger cities like Tallinn. 
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A Estimating and generating full preference profiles
To evaluate policy behaviour and robustness in a situation when we could collect more preferences from families we need to reconstruct full preference profile from the limited data. This is also useful evaluating situation when families' preferences functions change or are different in future allocations.
In the current dataset we are limited to three preferences which may not be the families' actual three highest preferences, but manipulated. So we cannot use multinomial logit for ranked-order data as in Shi (2015). Instead we transform the data to pairwise comparisons and learn a simple logistic regression model of when one kindergarten is ranked higher compared to another, this is similar to Cohen et al. (2011) . An instance of a family with three preferences would provide six data-points for learning: three distinct pairs of kindergartens and two comparisons per pair. This results is 756 pairwise comparisons in our data. With three preferences per child the maximum number of comparisons would be 846 = 141 * 6, but not all families have reported three preferences and the actual number of comparisons is 756.
By doing pairwise comparisons we assume that the presented three preferences are still ordered correctly, although they might not be the first three preferences. This shown in Haeringer and Klijn (2009) to be the case when using the Deferred-Acceptance algorithm with limited preferences, but is not necessarily the case with Immediate-Acceptance (Abdulkadiroglu et al., 2011). Still we assume that this is the case as the families do not know the mechanism and how exactly to manipulate it.
For each family and kindergarten we know the geographical location from address lookup from google maps 1 and Estonian Land Board (Maa-amet 2 ) and distance calculations taken from Google maps distance 3 . We have a rich dataset for distance, as for each familykindergarten pair we know the driving and walking distances in kilometres and minutes. We also have the direct distance between the two points calculated with the haversine formula.
The entire feature set in Table 6 . Based on this we construct a dataset of pairwise comparisons of kindergartens with feature set as in Table 7 . In the table features with prefix e1 are kindergarten 1 features and e2 kindergarten 2 features. For all kindergartens we have the distance between families home and the kindergarten. The dependent variable y is one, when kindergarten e1 is ranked higher than e2 and zero otherwise. log e2 driving distance sec/e1 haversine distance m 45 log e2 driving distance sec/e1 walking distance m 46 log e2 driving distance sec/e1 walking distance sec 47 log e2 haversine distance m/e1 driving distance m 48 log e2 haversine distance m/e1 driving distance sec 49 log e2 haversine distance m/e1 haversine distance m 50 log e2 haversine distance m/e1 walking distance m 51 log e2 haversine distance m/e1 walking distance sec 52 log e2 walking distance m/e1 driving distance m 53 log e2 walking distance m/e1 driving distance sec 54 log e2 walking distance m/e1 haversine distance m 55 log e2 walking distance m/e1 walking distance m 56 log e2 walking distance m/e1 walking distance sec 57 log e2 walking distance sec/e1 driving distance m 58 log e2 walking distance sec/e1 driving distance sec 59 log e2 walking distance sec/e1 haversine distance m 60 log e2 walking distance sec/e1 walking distance m 61 log e2 walking distance sec/e1 walking distance sec 62 sibling diff 63 sqrt e2 driving distance m/e1 driving distance m 64 sqrt e2 driving distance m/e1 driving distance sec 65 sqrt e2 driving distance m/e1 haversine distance m 66 sqrt e2 driving distance m/e1 walking distance m 67 sqrt e2 driving distance m/e1 walking distance sec 68 sqrt e2 driving distance sec/e1 driving distance m 69 sqrt e2 driving distance sec/e1 driving distance sec 70 sqrt e2 driving distance sec/e1 haversine distance m 71 sqrt e2 driving distance sec/e1 walking distance m 72 sqrt e2 driving distance sec/e1 walking distance sec 73 sqrt e2 haversine distance m/e1 driving distance m 74 sqrt e2 haversine distance m/e1 driving distance sec 75 sqrt e2 haversine distance m/e1 haversine distance m 76 sqrt e2 haversine distance m/e1 walking distance m 77 sqrt e2 haversine distance m/e1 walking distance sec 78 sqrt e2 walking distance m/e1 driving distance m 79 sqrt e2 walking distance m/e1 driving distance sec 80 sqrt e2 walking distance m/e1 haversine distance m 81 sqrt e2 walking distance m/e1 walking distance m 82 sqrt e2 walking distance m/e1 walking distance sec 83 sqrt e2 walking distance sec/e1 driving distance m Feature nr Feature 84 sqrt e2 walking distance sec/e1 driving distance sec 85 sqrt e2 walking distance sec/e1 haversine distance m 86 sqrt e2 walking distance sec/e1 walking distance m 87 sqrt e2 walking distance sec/e1 walking distance sec
We fit a logistic regression model (1), where F (k 1 , k 2 ) is the probability that a kindergarten k 1 is ranked higher than kindergarten k 2 .
For feature selection we use stability selection Meinshausen and Bühlmann (2010) in learning library Pedregosa et al. (2011) . Regularised logistic regression uses penalisation function as in equation (2), where 1 λ is hyperparameter to be selected.
We show the resulting stability paths with different hyperparameter 1 λ values in Figure 5 . The probabilities are found based on 1000 re-samples of data. We see that the most often selected features are nr 37 and 62, which are log e2 driving distance m/e1 driving distance m = log( e2 driving distance m e1 driving distance m ) and sibling dif f = e1 sibling−e2 sibling. We get the functional form for t(·) from Equation (1) as in Equation (3). 
We also do a cross-validation with the selected features with L2 regularised logistic regression based on (2) to see the stability of coefficients. We show the results in Figure 6 . We see that whatever the regularisation the prediction scores are almost always the same. On one cross-validation fold we obtain a better result with 1 λ = 0.1. As with smaller coefficient the prediction is more stable we prefer higher regularisation. = 0.1 regularised logistic regression we obtain values for parameters β 0 ≈ 0, β 1 = 0.82 and β 2 = 1. In our dataset the number of events when a kindergarten is ranked higher is exactly the same as when it is ranked lower, so we obtain that β 0 ≈ 0. There is no bias in the dataset.
The estimation is an aggregate ranking in Harku not individual utility for obtaining a place in any kindergarten. In function (3) the parameters for two kindergartens, k 1 and k 2 , are:
• d 1 distance between the families residence and kindergarten k 1
• d 2 distance between the families residence and kindergarten k 2
• s difference in sibling status of the two kindergartens k 1 and k 2 is -0 when neither of the kindergartens has siblings or both have 4 -1 when only kindergarten k 1 has a sibling --1 when only kindergarten k 2 has a sibling The ranking function (1) with (3) has at least two useful properties for interpretation, when β 0 = 0 and not considering the error term ε:
. The probability of kindergarten k 1 begin ranked higher is exactly the opposite of probability that k 2 is ranked higher 
, when d 1 = d 2 and s = 0. When both kindergartens k 1 and k 2 are equal in terms of distance a siblings, the probability than one of them is ranked higher is exactly 50 %.
For policy comparison we estimate the ranking over all kindergartens. We do not model the cut-off levels for outside options, when the family would rather keep the child at home. We assume they would always rather have a place in any of Harku's kindergartens.
To obtain a full ranking of kindergarten we need one more step. The ranking function returns pairwise comparisons, to obtain a full ranked list for a family we need to order all the alternatives. The ordering might be easy by always ranking according to the highest probability when comparing two kindergartens and when there is no non-transitive rankings.
This might not always be the case as we show in Figure 7 . Each edge of the graph points in the direction of higher ranked alternative. If we were to keep only the pairwise rankings with higher probability, we would obtain k 1 k 2 , k 3 k 1 and this would indicate that k 3 k 2 , but in the figure we see that actually k 2 k 3 with higher probability. To find a full ordering of alternatives we settle on finding maximum weight of pairwise comparisons, which on the directed graph means finding a maximum acyclic sub-graph. The sub-graph can also be found eliminating edged in minimum feedback arc set. In computer science this is known to be a hard problem (e.g. Garey and Johnson, 1979) , but our instance are very small (graph with 7 nodes) so we can solve them exactly. This approach is somewhat similar to Cohen et al. (2011) .
By eliminating edges found in minimum feedback arc set, we obtain a maximum acyclic directed graph as we see in Figure 8 . This gives us the final ordering of kindergartens:
This process would always give us always the same ranking regardless of the differences is distances d 1 , d 2 or sibling status s. To obtain a probabilistic outcome we also model an error distribution for ε. We select the distribution for ε so that is would be almost uniformly random when result of the pairwise comparison is 1 2 , but when the probability is really close to 0 or 1 then is would have almost no effect. We use the generalised error distribution with parameters as in equation (4). The interpretation of parameters of (4) is intuitive. When β → ∞ then it is a uniform distribution U(−0.4, 0.4), which in the case of two equal kindergartens, where
, is U(0.1, 0.9). We show an example of a generalised error distribution in Figure 9 .
Also for consistency for each family i and every pair of kindergartens k i,a and k i,b we draw a single value from distribution (4), meaning that ε
For this we look at several parametrise preferences same as in equation (3), with parameter values as in (5). For each combination of parameters we generate several (7) different preference profiles and evaluate the policies on the average over all the preference profiles. β 1 ∈ {0.05, 0.1, 0.25, 0.5, 0.82, 1, 2, 4, 10, 20}, β 2 ∈ {0.1, 0.25, 0.5, 1, 1.5, 2, 4, 10}
To better interpret the results we look at the results by conditional probabilities of a parameter set. We look at two conditional effects: (a) probability of ranking kindergarten higher given it is closer; and (b)probability of ranking a kindergarten higher given a kindergarten has a sibling. Formally the conditional probabilities are defined in equations (6) and in (7). 
The mean conditional probabilities with fitted regression parameters, β 1 = 0.82 and β 1 = 1, are respectively Pr(r 1 < r 2 | d 1 < d 2 ) ≈ 0.77 and Pr(r 1 < r 2 | s 1 > s 2 ) = 0.93, with full preference lists. With limited (up-to 3) kindergartens, based on original submissions not rankings, the conditional probabilities are respectively on average 0.75 and 0.83. The conditional probabilities in the original rankings are respectively Pr(r 1 < r 2 | d 1 < d 2 ) ≈ 0.7 and Pr(r 1 < r 2 | s 1 > s 2 ) = 0.83. So the statistical properties in terms of conditional effects is retained in the data. In Figures 10b and 10a we show the relationship between the logistic parameters and the conditional probabilities.
We show the relation between the conditional probabilities and coefficients in Figures  10a and 10b. 
